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Abstract

The indentation size e�ect (ISE) in Vickers hard-
ness for several ceramic materials was observed in a
relatively wider range of applied test load. It was
shown that the proportional specimen resistance
(PSR) model proposed by Li and Bradt is insu�cient
for describing the experimental data. By considering
the e�ect of the machining-induced plastically defor-
med surface on the hardness measurements, the PSR
model was modi®ed and the empirical equation pro-
posed originally by BuÈckle was proven to be more
suitable for correlating the measured indentation
dimension to the applied test load. # 1999 Elsevier
Science Limited. All rights reserved
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1 Introduction

Indentation hardness testing is a convenient means
of investigating the mechanical properties of a
small volume of materials. The conventional pro-
cedure of hardness testing consists of applying a
®xed load on a diamond indentor and measuring,
with the help of a microscopy, the dimension of the
resultant indentation on the surface of the test
material after unloading. Among a variety of
indentor geometries used in hardness testing, the
Vickers indentor is one in most widespread use.
The Vickers diamond pyramid hardness number,
HV, is de®ned as the ratio of the applied load, P, to
the pyramidal contact area, A, of the indentation:

HV � P=A � �P=d 2 �1�

where d is the length of the diagonal of the resultant
impression, and � � 1�8544 for Vickers indentor.
Investigations have con®rmed that the hardness

number calculated with eqn (1) is usually load-
dependent.1±5 When a very low load is used, the
measured hardness is usually high; with an increase
in test load, the measured hardness decreases. Such
a phenomenon is sometimes referred to as indenta-
tion size e�ect (ISE). Undoubtedly, the existence of
the ISE may hamper or preclude plausible hard-
ness measurements. Furthermore, using a load-
dependent hardness number in material character-
ization may result in some unreliable conclusions.
Much research work has been performed to

explain the origin of the ISE and several possible
explanations exist. These explanations fall into two
sets. The ®rst set, which is the most common
explanation found in the literature, concerns the
experimental errors resulting from the limitations
of the resolution of the objective lens6,7 and the
sensitivity of the load cell.8 The second set, which is
described by BuÈ ckle9 as the apparent cause of
errors, is directly related to the intrinsic structural
factors of the test materials, including indentation
elastic recovery,10 work hardening during indenta-
tion,11 surface dislocation pining,12 etc. Recent
reviews13 showed that, despite much interest, the
cause of the ISE has never been satisfactorily
achieved.
Recently, Li and Bradt14 developed a propor-

tional specimen resistance (PSR) model to explain
the observed ISE in two rutile-structural single
crystals, TiO2 and SnO2. In this model, the applied
test load, P, and the resultant indentation dimen-
sion, d, are predicted to follow the relationship

P � a1d� a2d
2 �2�

The observed ISE is considered to be a con-
sequence of the indentation-size proportional
resistance of the test specimen as described by a1-
term and the a2-term can be related directly to the
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load-independent hardness. The contributing fac-
tors to the proportional specimen resistance have
been suggested to be the friction e�ect between the
indentor facets and the test specimen, and the
elastic resistance of the test specimen.
The aim of the present work is to investigate the

load dependence of the measured Vickers hardness
of some typical glasses and ceramics, with a parti-
cular emphasis on the applicability of the PSR
model within a relatively wider range of applied
test load.

2 Experimental

The materials chosen for this study are listed in
Table 1, along with pertinent information on pre-
paration and mechanical properties. Among these
materials, the two grades of Si3N4, FD-02 and FD-
03, and the three grades of Ti(C,N)-based cements,
TCN-1, TCN-2 and TCN-3, were supplied by
Found Corporation, China; the soda-lime glass
was received as a commercial product; and the rest
were fabricated in the laboratory.
The ceramic and cement specimens were received

with machined surfaces. With these materials the
machining damage was removed mechanically by
polishing, ultimately with 0.5�m diamond paste,
to produce an optical ®nish. The glass specimen
needed no such preparation, for its surface is mir-
ror smooth as a result of the fabrication history.
All specimens were in slab form with ¯at, parallel
surfaces.
Vickers hardness measurements were made with

a low-load hardness tester at load levels ranging
from 5 to 50 N and at a constant indentor dwell
time of 30 s. All indentation tests were carried
under ambient laboratory conditions. After inden-
tation, the length of each of the two diagonals of
the square-shaped Vickers indentation was imme-
diately measured by optical microscopy with a

magni®cation of 300 and an error of measurement
of �1�m.

3 Results and Discussion

3.1 Indentation size e�ect in measured hardness
The Vickers hardness numbers, HV, for the 12
materials listed in Table 1 were determined accord-
ing to eqn (1) and are plotted in Fig. 1 as functions
of the applied test load, P. Each of the data points
represents an average of measurements from at
least ®ve tests. For the sake of conciseness, all the

Table 1. Speci®cations of materials used in this study

Material Preparation Elastic modulus
E (GPa)

Fracture toughness
KIC (MPa

����
m
p

)

Si3N4 (FD-02) Hot-pressed 288 5.8a

Si3N4 (FD-03) Hot-pressed 291 4.8a

Sic whisker toughened Si3N4 (Si3N4/SiCw) Hot-pressed 323 11.2b

Al2O3 Sintered 388 3.7a

ZrO2 (TZP) Sintered 200 10.2a

Mullite Sintered 180 2.0b

ZrO2 toughened mullite (ZTM) Sintered 174 5.6b

SiC Sintered 430 2.9b

Soda-lime glass 70 0.815

Ti(C,N)-based cement (TCN-1) Sintered 6.5a

Ti(C,N)-based cement (TCN-2) Sintered 12.4a

Ti(C,N)-based cement (TCN-3) Sintered 8.5a

aMeasured with conventional single-edge-notched beam (SENB) method.
bMeasured with a modi®ed Knoop-indented bending beam method.16

Fig. 1. Vickers hardness as functions of the applied test load
for materials tested. (&) FD-02; (&) FD-03; (*) Si3N4/SiCw;
(*) Al2O3; (~) TZP; (�) mullite; (r) ZTM; (!) SiC; (^)

glass; (^) TCN-1; (+) TNC-2; (�) TCN-3.
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error bars corresponding to each data point are
omitted. The maximum scatter, typically 5±6% of
the hardness value, usually occurs at the lower load
range and is reduced as the applied load increases.
A signi®cant ISE was observed in the materials

whose apparent hardness values at 6.37 N load,
denoted as H6�37, are larger than 12.5GPa, while
there is a slight decreasing tendency in the mea-
sured Vickers hardness of the materials with H6�37
values smaller than 12.5 GPa. Especially, the mea-
sured hardness for mullite was nearly independent
of the applied load.
The load-dependence of the measured Vickers

hardness values can also be described quantita-
tively through the application of the classical
Meyer's law:3,4,14

P � Ad n �3�

where A and n are constants that can be derived
directly from the curve ®tting of the experimental
data. Table 2 summarizes the Meyer's law para-
meters determined by the regression analyses of the
results shown in Fig. 1. Note that the ISE is usually
related to the deviation of the n-value from two,
for n is equal to two in the absence of an ISE. The
analysis results listed in Table 2 indicate that,
among all the test materials, the most signi®cant
ISE was observed in TCN-2 (n � 1�748) while the
ISE observed in mullite (n � 1�979) is negligible.
BuÈ ckle9 has identi®ed three regions of Vickers

hardness testing conditions: `microhardness'
(<200 gf), `low-load hardness' and `normal hard-
ness' (>2 Kgf). According to BuÈ ckle's description,
only the `low-load' condition was de®nitely asso-
ciated with the decreasing tendency in measured
hardness number as load increases. It should be
pointed out, however, that the identi®cation made
by BuÈ ckle was based mainly on the available
experimental data on metals and single crystals,
whose hardness values are much smaller than those
of brittle ceramics. In fact, as indicated in Fig. 1,
the present study has shown that the ISE in

ceramics may extend to much higher load. It is
necessary, therefore, to explore the load-depen-
dence of the measured hardness in ceramics over a
relatively wider range of the applied test load.
Due to the nature of intrinsic brittleness, Vickers

indentation may result in microfracture around the
impression in the surface and/or subsurface of
ceramics when the applied load is high enough.17

For all the materials tested in this study, micro-
fracture was observed in the whole range of the
applied load examined (6.37±45.57 N). Since
microfracture occurs mainly during the loading, a
portion of the energy, which is used to create the
indentation deformation, will be dissipated by the
crack formation. Thus, one can expect that, for a
given material, the Vickers hardness value mea-
sured with a cracking indentation will be higher
than that measured with a crack-free indentation at
the same load.18 However, it seems to be impos-
sible to avoid the e�ect of microfracture on the
hardness measurements in low-load range, in
which the ISE is signi®cant, for microcracking can
occur in most ceramics even at loads lower than 50
gf. On the other hand, when tested below such a
low load, the experimental errors related to the
smallness of the indentation will be signi®cant,
sometimes making it impossible to conduct repea-
table measurements.

3.2 Analysis according to the PSR model
The PSR model of Li and Bradt14 may be con-
sidered to be a modi®ed form of the Hays/Kendall
approach to the ISE. When examining the ISE in
the Knoop hardness testing of a number of metals,
Hays and Kendall19 advanced a concept that there
exists a minimum level of the applied test load, W,
named the test-specimen resistance, below which
permanent deformation due to indentation does
not initiate, but only elastic deformation occurs.
They introduced an e�ective indentation load,
Peff � PÿW, and proposed the following rela-
tionship,

PÿW � Kd 2 �4�

where K is a constant for a given material. Li and
Bradt14 discussed the Hays/Kendall approach and
found that the measured test-specimen resistance,
W, is too large to have a physical meaning. By
analysing the load-indentor penetration curves
measured with a variety of materials, Li and Bradt
suggested that the test-specimen resistance, W, is
not a constant as proposed by Hays and Kendall,
but increases with the indentation size and is
directly proportional to it, i.e.,14

W � a1d �5�

Table 2. Regression analysis results of the experimental data
according to Meyer's law

Material log A n

FD-02 3.769 1.839
FD-03 3.738 1.793
Si3N4/SiCw 3.587 1.826
Al2O3 3.738 1.892
TZP 3.683 1.912
Mullite 3.546 1.979
ZTM 3.768 1.970
SiC 3.731 1.790
Glass 3.332 1.860
TCN-1 3.740 1.865
TCN-2 3.625 1.748
TCN-3 3.670 1.793
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to a ®rst approximation, the form of eqn (5) can be
considered to be similar to the elastic resistance of
a spring with the opposite sign to the applied test
load. Then, the e�ective indentation load and the
indentation dimension can be related as:

Peff � PÿW � a2d
2 �6�

Substituting eqn (5) into eqn (6) yields eqn (2), the
relationship between the applied test load and the
resultant indentation dimension, which is predicted
in the PSR model.
Equation (2) can be transformed into:

P=d � a1 � a2d �7�

Equation (7) means that the proportional specimen
resistance (PSR) described by the a1-value and the
second coe�cient, a2, can be readily evaluated
through the linear regression of P=d versus d. Thus,
the applicability of the PSR model to describe the
observed ISE in a relatively wider range of applied
test load can be examined by testing the linearity
between P=d and d.
Figure 2(a) shows the P=dÿ d curves for the

three grades of Si3N4-based ceramics, FD-02, FD-
03 and Si3N4/SiCw. It is evident that, for each
material, all the data points fall into two separate
sets, both showing apparent linearity. For example,

by ®tting the experimental data for FD-02 in the
lower load range according to eqn (7), a straight
line with a slope of 9680Nmmÿ2 is obtained; while
another straight line with a slope of 5785Nmmÿ2

is also obtained in the higher load range. Correla-
tions for these two plots are very high, r2 > 0�99.
Similar conclusions can also be obtained by

analysing the experimental data for other materi-
als. As can be seen in Fig. 2(b)±(d), for ZTM, SiC
and the three grades of Ti(C,N)-based cements,
evident deviations appear when extrapolating the
P=dÿ d straight lines ®tting in the lower load range
to the higher load range. For Al2O3, TZP, mullite
and soda-lime glass, however, the linear relation-
ships between P=d and d seem to be held over the
whole working range of applied test load.
It may be concluded from the above discussion

that using the PSR model of Li and Bradt to
explain the observed ISE in ceramics in a relatively
wider range of applied test load may produce sev-
eral inconsistencies. First, the PSR model describes
two distinctive regimes of hardness, the indentation
load-dependent, or ISE regime and the indentation
load-independent regime, and eqn (2) is suggested
to be valid in the ISE regime.20 However, the
experimental results show that, at least in some
certain situations, the P=dÿ d linear relationship
can be observed only in a narrow range of applied
test load in the explored ISE regime. Second, the

Fig. 2. P=d plotted against d for test materials.
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PSR model suggests that the a2-term in eqn (2)
may be a measure of the load-independent hard-
ness, sometimes referred to as `true hardness'. This
seems to be unreasonable, for the above discussion
shows that, for some materials, di�erent a2-values
may result if the ISE is examined in di�erent range
of applied test load, while material can not be
characterized with two or more di�erent `true
hardness' values. Thus, one can conclude that the
existing PSR model does not provide a satisfactory
explanation of the ISE and warrants a modi®cation.

3.3 A modi®ed PSR model
One possible explanation for the deviation of the
P=dÿ d relation predicted in the PSR model from
the experimental results, as discussed above, is that
the description of the test-specimen resistance to
the permanent deformation in this model may be
incorrect.
Note that, when d � 0, the test-specimen resis-

tance, W, de®ned as eqn (5) becomes zero, imply-
ing that the minimum applied load needed to
produce a plastic indentation is zero for a given
material. This seems to be tenable. In fact, Li and
Bradt14 have also noted the experimental phenom-
enon reported by Gane and Bowder that there is a
sudden indentor penetration into the surface of
gold specimens at a nominal load level. For brittle
ceramics, there are more reasons to believe that
there is a non-zero minimum load below which
permanent deformation due to indentation does
not initiate. Of course, this non-zero minimum
load may be very small compared with the load
level used in this study and can be neglected in the
calculation of the test-specimen resistance to
indentation.
An important factor which may a�ect the test-

specimen resistance of ceramics is associated with
the machining and polishing, which are unavoid-
able, and usually the ®nal stages, processes for the
requirements of both dimensional control and sur-
face quality control of the ®ne ceramic components
and specimens. As described above, all the test
specimens, except soda-lime glass, used in the present
study were obtained with a machined and polished
surface. The surface machining and polishing pro-
cesses, which remove the material mechanically,
may introduce both plastic deformation and cracks
into the material adjacent to the surface.21 The
elastic/plastic interaction of abrasive grains with
the ceramic surface has been considered analogous
to a series of closely spaced, single-point indenters.
As reviewed by Lawn and co-workers,17,22 a sharp
indenter plastically deforms a small volume of
material. Because the plastically deformed volume
elements associated with each grinding groove
overlap one another, the complete surface would

be plastically deformed and in a state of compres-
sion.21 Although a quantitative analysis relating
the e�ect of such a plastically deformed surface on
the hardness measurements is still lacking, there is
reason to believe that, if it is true that the material
resistance of the specimen with a plastically
deformed surface, W, can be simulated as the elas-
tic resistance of a spring, such a `spring' must have
been in a state of compression, rather than stress-
free, before being subjected to indentation. If this
were the case, eqn (5) would be revised as:

W � P0 � a1d �8�

where P0 relates to the residual surface stresses in
the test specimen.
Substituting eqn (8) into eqn (6) yields:

P � P0 � a1d� a2d
2 �9�

Equation (9) can be regarded as a modi®ed form of
the existing PSR model. Thus, the physical mean-
ings of the parameters a1 and a2 in eqn (9) are the
same as those in eqn (2).
The applications of eqn (9) to all the materials

studied in this work are now illustrated in Fig. 3.
The solid lines in these plots are obtained by a
conventional polynomial regression according to
eqn (9). Clearly, eqn (9) is proven su�ciently sui-
table for the representation of the experimental
data. The best-®t values of the parameters included
in eqn (9) for each material are listed in Table 3.
The relatively smaller, negative values of P0 seem
to be reasonable estimations of the magnitudes of
the residual surface stresses for the test specimens,
which have been subjected to a careful polishing
after machining.
According to the analysis of Li and Bradt, a1,

and a2 can be related to the elastic and the plastic
properties of the test material, respectively. Note
that material parameter E=H is a measure of the
magnitude of the indentation residual stress result-
ing from the mismatch of the plastic zone and the
surrounding elastic matrix.23 Analogously, the
a1=a2-value may be treated approximately as a
measure of the residual stresses due to machining
and polishing. Figure 4 shows the determined P0-
value as a function of the a1=a2-value. It is evident
that there exists a strong correlation between these
two parameters. This seems to be an indirect sup-
port for the above discussion.
It should be pointed out that both eqn (2), the

PSR model proposed by Li and Bradt,14 and eqn
(9), the modi®ed form of the PSR model proposed
in this study, are of the same form that has been
applied by BuÈ ckle24 when utilizing a polynomial
series representation of the applied indentation
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load to the ISE. Equation (9) di�ers in form from
eqn (2) only in the P0-term. In fact, many
authors25,26 as well as Li and Bradt14 have treated
P0-term to be zero when quoting BuÈ ckle's
equation, i.e. eqn (9), to describe the ISE they
observed in a variety of materials. However, the
®ndings of the present study suggest that treating
P0-term to be zero seems to be unreasonable and
the original equation proposed by BuÈ ckle may
provide a more satisfactory description for the
observed ISE.

4 Conclusions

(a) The indentation size e�ect in Vickers hard-
ness for brittle ceramics should be explored
over a relatively wider range of applied test
load, in order to obtain a complete under-
standing of this phenomenon.

Fig. 3. Indentation size versus the applied test load for test materials.

Table 3. Regression analysis results of the experimental data
according to eqn (9)

Material P0 (N) a1 (Nmmÿ1) a2 (Nmmÿ2) Correlation
factor

FD-02 ÿ6.4 386.4 4602.9 0.9991
FD-03 ÿ6.5 428.8 4429.9 0.9991
Si3N4/SiCw ÿ3.3 195.0 4037.4 0.9997
Al2O3 ÿ0.3 45.5 6711.0 0.9994
TZP ÿ2.6 128.4 4803.1 0.9989
Mullite ÿ1.6 56.7 3277.1 0.9993
ZTM ÿ2.9 126.7 5153.4 0.9997
SiC ÿ4.3 322.3 5490.6 0.9998
Glass ÿ1.5 75.1 2359.1 0.9999
TCN-1 ÿ8.1 423.2 3375.2 0.9981
TCN-2 ÿ5.4 366.9 4006.1 0.9986
TCN-3 ÿ7.3 430.9 3323.2 0.9984

Fig. 4. Variation of P0 with the a1=a2 ratio.
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(b) When being examined in a relatively wider
range of applied test load, the ISE in cera-
mics cannot be described satisfactorily with
the proportional specimen resistance model
proposed by Li and Bradt.

(c) A modi®ed PSR model was proposed by
considering the e�ect of the machining-
induced plastically deformed surface on
hardness measurements.
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